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ABSTRACT 
   
The focus of this investigation is on the formulation and a validation of reduced order 
models (ROMs) for the prediction of the response of structures with embedded 
piezoelectric actuators. The ROMs considered here are those constructed in a nonintrusive 
manner from a commercial finite element software, NASTRAN is adopted here. 
Notwithstanding the popularity of piezoelectric materials in structural dynamics related 
applications such as structural health monitoring and energy harvesting, not all commercial 
finite element software allow directly their modeling. In such cases, e.g., with NASTRAN, 
one can proceed with an analogy and replace the electric actuation in the piezoelectric 
material by a fictitious thermal effect producing the same strain. This process recasts the 
determination of a ROM for a structure with embedded piezoelectric actuator into a similar 
ROM but for a heated structure, the framework of which has recently been developed. Yet, 
the temperature field resulting from the analogy would be quite different from the one 
considered in past effort and would excite a broad array of structural modes. Accordingly, 
as a preamble to considering a beam with a piezoelectric layer, a simpler plate model is 
considered that is subjected to a uniform temperature but a complex pressure loading that 
excites the entire set of modes of the plate in the broad frequency band considered. The 
very good match of the predictions obtained by this ROM in comparison to their full finite 
element counterparts provides the necessary confidence to next address a beam with 
embedded piezoelectic actuator. The test model considered for this validation is a built-up 
nano beam analyzed recently in nonlinear geometric conditions by full finite elements and 
by a non-intrusive ROM procedure under harmonic variations of the piezoelectic voltage. 
This structural model and its loading conditions are very different from those considered 
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in past applications of nonintrusive ROMs, thus the excellent results obtained here provide 
further support of the broad generality of the nonintrusive ROM methodology, including 
of the appropriateness of the “dual modes” basis functions. 
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CHAPTER 1 
 
INTRODUCTION 
 
The use and advantages of reduced order models for the determination of the nonlinear 
geometric response of slender beams and thin plates and shells, have long been advocated, 
see [1] for a historical perspective. These reduced order models were initially constructed 
from ad hoc finite element modeling codes but non-intrusive approaches have more 
recently been formulated and developed, see [2-14] and [15] for a review, that permit the 
reliance on commercial nonlinear finite elements software such as Nastran and Abaqus.  
              Initially focused on the purely structural response of simple beam, plate, and shell 
models, these non-intrusive reduced order modeling methods are now capable of 
considering complex structural systems such as the Predator and complex multi-bay panels. 
They can also incorporate multi-physics, most notably temperature effects through fully 
coupled structural and thermal reduced order models.  
              The structures focused on in these reduced order modeling developments are in 
particular those exhibiting large dynamic response and thus those at high risk from fatigue 
failure. To reduce this likelihood, active vibration control could be applied and/or structural 
health monitoring techniques could be employed to monitor the integrity of the structure. 
In these techniques, piezoelectric elements play important roles as actuators and/or sensors.  
In fact, these piezoelectric components are also broadly used in other structural dynamics 
related areas such as energy harvesting. In this light it is desired here to extend the 
formulation of the non-intrusive reduced order modeling method of to include embedded 
piezoelectric layers. 
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         The framework for the development of the nonlinear reduced order models 
considered here is finite deformation elasticity or thermoelasticity. These theories are not 
used directly, rather they serve as a guideline for the selection of the ROM governing 
equations and provide a perspective on the parameters involved in these equations and their 
identification. This identification is achieved from a commercial finite element software 
and thus an absolute must for the present effort is that this software exhibit nonlinear 
capabilities encompassing the features of the structural model considered. Unfortunately, 
this is not always the case for structures with piezoelectric components: Abaqus does have 
elements including the piezoelectric property but NASTRAN does not. The known 
palliative for this lack of capability is to treat the strain induced by a voltage on a 
piezoelectric layer as that induced by a fictitious thermal effect, e.g., see [25]. This 
modeling is referred to here as the temperature analogy. It will be recovered in the detailed 
elasticity based discussion of Chapter 2 which aims at establishing the correct form of the 
ROM nonlinear governing equations and recovering relationships between the thermal 
parameters and the piezoelectric ones. 
 Having recast the piezoelectric effects as thermal strains provides the path for the 
consideration, within NASTRAN, of the nano beam with embedded piezoelectric layer 
introduced in [21]. Before carrying out this effort, a simpler structural model is considered 
in Chapter 3; it is the rectangular plate of the RC-19 test [26] subjected to a uniform 
temperature and mechanical loads. The investigation of this panel has dual value: it 
provides a stepping stone for the nano beam analysis but also supports the development of 
nonlinear ROMs for much larger structures, aircraft panels, and their interactions with 
aerodynamics, see [27] 
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 The construction and validation of the nonlinear ROM for the nano beam of [21] is 
finally discussed in details in Chapter 4. This nano beam is a significantly nonsymmetric 
structure, at the contrary of most structures considered in the past ROM efforts. Further, it 
is excited by a single harmonic voltage (i.e., temperature given the analogy), a case seldom 
considered in past ROM investigations. Thus, the nano beam represents not only a good 
validation of the piezoelectric nonlinear ROMs but more generally an interesting additional 
validation of these methods. 
 Finally, Chapter 5 summarizes the findings of the thesis and gives an insight into 
the future work. 
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CHAPTER 2  
 
BACKGROUND AND THEORY 
 
2.1 Governing Equations 
 
 As described in the previous chapter, the objective of the present investigation is 
the extension of the non-intrusive structural reduced order modeling approach to include 
the presence of piezoelectric elements. First in this effort is the derivation of the ROM 
governing equations which is achieved here on the basis of finite deformation elasticity 
following the framework of [8]. 
 
 
Figure 2.1 Reference and deformed configurations 
 Proceeding in the reference configuration, see Fig. 2.1, the displacement field 
 tXui ,  satisfies (see [8,22,23]) 
                  iijkij
k
ubSF
X

0
0
0  


 for 0X            (1) 
where S  denotes the second Piola-Kirchhoff stress tensor, 0  is the density in the 
reference configuration, and 
0
b  is the vector of body forces, all of which are assumed to 
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depend on the coordinates 
iX  of the undeformed configuration in which the structure 
occupies the domain 
0 . Further, in Eq. (1), the deformation gradient tensor F  is defined 
by its components ijF  as 
             
j
i
ij
j
i
ij
X
u
X
x
F





                     (2) 
where ij  denotes the Kronecker symbol and the displacement vector is Xxu  , x being 
the position vector in the deformed configuration. To complement the field equations (1), 
appropriate boundary conditions are imposed on the boundary 0 . They are assumed here 
to be composed of a part in which the tractions are imposed ( t ) and another on which 
the displacements are set to zero ( u ). 
 It remains to specify the constitutive behavior of the structure which is here 
assumed to be linearly elastic. This property can in particular be stated as 
     VEECS pieklklijklij )(            (3)  
 
where E  denotes the Green strain tensor of components 
      ijkjkiij FFE 
2
1
                                            (4) 
and VE piekl
)(  represents the strain at location X induced by the piezoelectric element 
subjected to the voltage V. Alternatively, the linearly elastic property could be construed 
between the Cauchy stress ( ) and Almansi strain ( e ) tensors, i.e. 
     VeeC pieklklijklij )(ˆ             (5) 
which can then be rewritten in terms of the second Piola-Kirchhoff stress and Green strain 
tensors using the relations [22,23] 
T
FFJS

 
1
 and  FeFE
T
          (6) 
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where  FJ det  is the Jacobian of the transformation from the undeformed to deformed 
coordinates. 
 The two formulations of Eqs (3) and (5) reduce to each other in the small strain, 
linear limit but are otherwise different, slightly for moderate strains more so for larger 
strains. The former constitutive model, Eq. (3), has been used in the prior reduced order 
modeling efforts because of the simplicity of the equations it leads to and will again be 
adopted here. The applicability of the ensuing reduced order model if the constitutive 
behavior of Eq. (5) is selected will be discussed below. 
 The present reduced order modeling approach is based on a representation of the 
displacement fields as 
         


M
n
n
ini XUtqtXu
1
)(,            (7) 
where  tqn  are time dependent generalized coordinates and  XU
n
i
)(  are basis functions  
vanishing on u  thereby automatically satisfying the boundary condition on that part of 
the boundary. Inserting Eq. (7) into Eq. (1) and proceeding with a Galerkin approach leads 
to governing equations of the form 
     lpieilipljijlpljijljlpieijlijjijjij VFFqqqKqqKqVKKqDqM )()3()2()()1(                   (8) 
where i
V
 is the voltage applied to the piezoelectric element i. Further, 
)1(
ijK , 
)2(
ijlK , and 
)3(
ijlpK  
are linear, quadratic, and cubic stiffness coefficients describing the response of the 
structure with the piezoelectic elements in open loop. The parameters  
)( pie
ijlK  and 
)( pie
iF  
characterize the effects of the applied voltages on the response, the former by changing the 
linear stiffness of the structure, the latter as an applied force. Note finally that a usual linear 
damping term has been added in Eq. (8) to model the various dissipations. 
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 In fact, Eq, (8) is identical to the reduced order model equations for the same 
structure subjected to the effects of temperature localized at the piezoelectic elements if (a) 
the basis functions are the same, (b) the properties of the structures are temperature 
independent, and (c) the thermal expansion 
kl  and temperature T of the layers of 
piezoelectic elements are defined as  
     VET pieklkl
)( .           (9)  
 
 This property will be referred to here as the thermal analogy. It permits the consideration 
of piezoelectric elements in finite element software that do not provide it as an option (e.g. 
NASTRAN). 
Following finite deformation thermoelasticity in the reference configuration, the governing 
equations for the generalized coordinates  tqn  were derived above. General reduced order 
model for thermoelasticity is as follows:  
   )()3()2()()1( thiipljijlpljijljthijijjijjij FFqqqKqqKqKKqDqM   ,        (10) 
where  denotes the uniform temperature change of the panel from its stress-free 
conditions. Equation (10) was derived assuming that the structural material properties do 
not vary with the structural temperature.  
In Eq. (10), ijM  denotes the elements of the mass matrix,
)1(
ijK ,
)2(
ijlK , 
)3(
ijlpK  are linear, 
quadratic, and cubic stiffness coefficients and iF  are the modal mechanical, acoustic, and 
aerodynamic forces. The parameters 
)(th
ijK  and 
)(th
iF  represent the change of linear stiffness 
matrix and the modal force (per degree) due to the temperature field. 
 The above discussion has been carried out under a continuum formulation but is 
readily extendable to finite element implementation by recognizing that the displacement 
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field is no longer the three component function of space and time  tXui ,  but the vector 
u(t) of length equal to the number of degrees of freedom in the finite element model and 
dependent on time only. The representation of Eq. (7) is then modified to read   
        


M
n
n
in
tqtu
1
)(
                     (11) 
where 
)(n
i
  are the corresponding basis functions. Equation (8) is assumed to remain valid 
with appropriately determined coefficients
)1(
ijK , 
)2(
ijlK , 
)3(
ijlpK , 
)( pie
ijlK  and 
)( pie
iF , see below 
for one such approach. If the finite element formulation is based on the constitutive model 
of Eq. (3), Eqs (8) and (11) can be construed as yielding an exact representation of the 
response limited to the basis functions 
)(n
i
 . For any other constitutive relation, e.g. Eq. 
(5), Eqs (8) and (11) will lead to only an approximation of this response the accuracy of 
which will be dependent on the identified parameters 
)1(
ijK , 
)2(
ijlK , 
)3(
ijlpK , 
)( pie
ijlK  and 
)( pie
iF , 
see [16] for related discussion and example. 
 
2.2 Basis Functions 
 The second key aspects of the reduced order modeling strategy is the selection of 
the basis functions
)(n
i
 . For very small excitation levels, the generalized coordinates  tqn  
will similarly be small and thus Eq. (8) reduces to the corresponding linear problem. Thus, 
the basis to be used when considering the nonlinear geometric problem should definitely 
include all modes used for the corresponding linear problem, typically lowest frequency 
modes. This is however not sufficient as the large amplitude response of shell-like 
structures implies in-plane/tangential motions often referred to as “membrane” stretching 
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that are not well representable by the lowest frequency modes which are primarily 
transverse/normal to the structure. 
 It remains to select basis functions to model these in-plane/tangential 
displacements. A first approach would be to use linear modes that are dominated by such 
motions but they are difficult to identify in complex structures. A different approach has 
been proposed [8,17] that uses the nonlinear response of the structure to particular loading 
conditions. This approach is based on the following two observations: 
(a) The in-plane/tangential motions to be captured exhibit high natural frequencies, much 
higher than the excitation bandwidth.  
(b) The in-plane/tangential motions are primarily driven by the transverse motions through 
their nonlinear coupling as opposed to excited directly by the excitation. 
 The first observation suggests that the in-plane/tangential motions take place quasi 
statically and thus the basis functions sought can be obtained from static analyses. The 
second observation indicates that the loading in these analyses should excite primarily the 
modes from the linear basis which are transverse dominated. That is, the linear static 
responses should be of the form  
      
i
i(m)
i
m
u
)()(
 .                                               (12) 
In the linear regime, such static displacement fields result from the forces 
              
i
i
FE
(m)
i
m
FE
)()1()(
 KF                                            (13) 
where )(mi  are coefficients to be chosen with m denoting the load case number and 
)1(
FE
K  
is the linear stiffness matrix of the structure. Note however that the nonlinear geometric 
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static response of the structure 
)(m
NLu to the loading of Eq. (13) will not be exactly in the form 
of Eq. (12), leading to discrepancy vectors  
    
i
im
i
m
NL
m )()()()( ψδ u                                                  (14) 
where )(mi  are the projections of 
)(m
NLu  on the modes 
)(
ψ
i
. Effectively, the discrepancies 
)(
δ
m
 represent the information on which the additional basis functions are to be constructed. 
This step is achieved through a proper orthogonal decomposition (POD) of an ensemble of 
discrepancy vectors obtained for various combinations of the coefficients )(mi . Proceeding 
as argued in [8], the loading cases considered here will be  
     
)()1()(
ψ
i
FE
(m)
i
m
FE KF    i = dominant mode                     (15) 
and 
                           )()()1()( ψψ
2
ji
FE
(m)
im
FE  KF

    i =dominant mode, ij              (16) 
where a “dominant” mode is loosely defined as one expected to provide a large component 
of the panel response to the physical loading. For each load case type, Eq. (15) or (16), an 
ensemble of responses were generated by selecting several values, positive and negative, 
of )(mi . The magnitudes of these values were selected so that the corresponding 
displacement fields 
)(m
NLu  range from near linear cases to some exhibiting a strong 
nonlinearity. 
 The basis functions resulting from the POD analysis of the discrepancies 
)(
δ
m
 and 
exhibiting large strain energy (see [8]) are the “dual modes” to be appended to be basis. 
The above discussion demonstrates that these dual modes complement the linear modes; 
they capture the predominantly in-plane motions that are induced by the large transverse 
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ones, e.g. the membrane stretching. They are not a compact nor a complete basis for other 
types of in-plane motions such as those induced directly by in-plane forces or by thermal 
expansion. When such loading conditions have arisen, see [20], the basis has been further 
expanded by including appropriate “enrichments”. Since the in-plane motions are very stiff 
and thus remain mostly linear, the enrichments successfully used have been selected as the 
linear response of the structure to these loading. 
 Given the close analogy between temperature loading and piezoelectric effects, it 
is expected here that enrichments of the basis will be needed to account for the in-plane 
displacements directly induced by the applied voltage on the piezoelectric elements, see 
validation section for discussion. 
2.3 Identification of Rom Parameters 
 The third and last key aspect of the ROM construction is the identification of the 
linear, quadratic, and cubic stiffness coefficients
)1(
ijK , 
)2(
ijlK , 
)3(
ijlpK , 
)( pie
ijlK  and the 
piezoelectric modal forces )( pie
iF  from a finite element model given the basis of the 
previous section. The present effort adopts the approach of [24] as modified in [8] for the 
inclusion of temperature effects. Its basic perspective is to impose a set of displacement 
fields for which the load required are determined from nonlinear finite element analyses. 
Introducing these displacements and loads in Eq. (8) leads to a system of linear equations 
for the desired stiffness parameters.  
In this process, we proceed first with imposed static displacement fields that are 
proportional to a single mode, i.e.  
                   
)(n
nqu   (no summation over n)           (17)     
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in the absence of piezoelectric effect, i.e. V = 0. Denoting by 
iF  the projection on mode 
)(i
  of the finite element forces necessary to induce the displacement field of Eq. (17), 
one obtains from Eq. (8) 
          
ininnnninnnin FqKqKqK 
3)3(2)2()1(  (no sum on n).                   (18) 
Imposing similar displacement fields but of different magnitudes, i.e. 
                
)(
ˆˆ
n
nqu              and                 
)(~~ n
nqu                            (19) 
leads to the equations 
             
ininnnninnnin FqKqKqK
ˆˆˆˆ 3)3(2)2()1(   (no sum on n)                        (20) 
and 
                                    ininnnninnnin FqKqKqK
~~~~ 3)3(2)2()1(   (no sum on n).                   (21) 
Effectively, Eqs (18), (20), and (21) represent a linear system of 3 equations for the 3 
unknowns )1(inK ,
)2(
innK , and
)3(
innnK  for all i that is easily solved. The identification of 
)( pie
inlK  
can be carried out at this step by imposing a single nonzero voltage lV  and repeating one 
of above analyses. For example with the displacement field of Eq. (17) and modal forces
ViF , , one obtains 
    lpieilVininnnninnnlpieinlin VFFqKqKqVKK )(,3)3(2)2()()1(   (no sum on n)               (22) 
in which )( pie
inlK  and 
)( pie
ilF  are the only unknowns. Thus they can be solved for by 
considering two different displacement fields, e.g. as in Eqs (19). Repeating this effort all 
j and  n = 1, ..., M  yields all stiffness coefficients )1(inK , 
)2(
innK , 
)3(
innnK , and 
)( pie
inlK . 
 Proceeding as in Eq. (17) and (19) with zero voltage but with combinations of two 
basis functions, i.e. 
                                          
)()( m
m
n
n qqu      m > n                   (23) 
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and relying on the availability of the coefficients , ,  and , ,  
determined above, leads to equations involving the three coefficients , , and 
. Thus, imposing three sets of displacements of the form of Eq. (23) provides the 
equations needed to also identify , , and . 
Finally, imposing displacement fields as linear combinations of three modes, i.e. 
                                          r > m > n                          (24) 
permits the identification of the last group of coefficients, i.e. . Note that the above 
discussion did not include the identification of the masses  and modal forces  which 
are identified as in the linear case. 
)1(
inK
)2(
innK
)3(
innnK
)1(
imK
)2(
immK
)3(
immmK
)2(
inmK
)3(
innmK
)3(
inmmK
)2(
inmK
)3(
innmK
)3(
inmmK
)()()( r
r
m
m
n
n qqqu  
)3(
inmrK
ijM iF
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CHAPTER 3  
 
RC-19 PANEL MODELING 
 
3.1 Construction of the Reduced Order Model (Rom) 
        The panel considered here is the rectangular one shown in Fig. 3.1 of length 0.254m, 
width 0.127m, and thickness 6.35x10-4 m. The panel is assumed to be made of steel with 
the following properties: Young’s modulus of 210 GPa, Poisson's ratio equal to 0.25, a 
density of 7850 kg/m3, and the thermal expansion coefficient 1.3x10-5 per degree Celsius. 
The panel is fully clamped to the wind tunnel frame. This panel was modeled in Nastran 
using 50x25 square plate elements (CQUAD4). 
         As described in the previous Chapter, the first task in the reduced order model 
construction was the selection of an appropriate basis for the linear problem. With the 
expectation of a dynamic excitation in the frequency interval [0, 2000 Hz], the first 22 
linear modes were selected. A first check of the adequacy of this basis was achieved on the 
linear static response of the panel due to a uniform pressure. While a good match of the 
response was obtained, it was not as accurate as desired, owing to the effects of higher 
order modes. To resolve this issue, the error in representation of this static displacement 
was added to the basis as a 23rd mode. 
         It is expected that the panel will exhibit nonlinear responses dominated by its first 
mode and thus it was considered “dominant” in the dual mode construction strategy of [8], 
see Section 2.2. Proceeding with this choice led to the determination of 35 dual modes that 
exhibit purely in-plane deflections. A set of static loadings of the form of Eq. (15) and (16) 
at 16 load levels (8 positive and 8 negative) each were applied to the panel such that the 
peak transverse displacement is in the range of 0.4 to 1.2 thickness. This set of 
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displacements was made orthogonal to the 23-mode linear basis to exclude their 
contributions, and the POD analysis of the residue displacements was carried out to obtain 
the 35 dual modes.  
3.2. Validations 
           The next step of the reduced order model construction process is the validation of 
the reduced order model. To this end, a pressure load profile approximating the 
experimental pressure distribution (Fig. 10, [26]) was created (see Fig. 3.2). The pressure 
distribution is assumed to be left-right symmetric but asymmetric fore-and-aft. This 
pressure profile was used in both the static and dynamic validations.  
           In the static validations, the pressure profile with various scaling factors was applied 
to the panel, and the nonlinear static displacements were computed by both NASTRAN 
(“SOL106”) and the ROM. Shown in Fig. 3.3 are the predictions of transverse and in-plane 
displacements at room temperature (i.e. with  = 0) obtained by the ROM and by Nastran, 
at the center point and at the quarter point of the panel indicated in Fig. 3.3. A very good 
to excellent match is clearly obtained for the transverse and in-plane displacements even 
in large levels, i.e. 2 to 3 thicknesses. 
The panel was then heated by 26.85C, and the static validation was repeated, see 
Fig. 3.4. Note that this temperature rise induces a notable buckling of the panel and thus 
the very good agreement shown in Figs 3.4(a) and (d). It is worthwhile to note that this 
good match was obtained without including any thermal enrichment (see Section 2.2) in 
the model. The lack of need for such an enrichment results from the lack of displacements 
in the panel (modeled with CQUAD4 elements) when a constant temperature is applied, 
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provided that this temperature is below buckling. No basis functions are needed to capture 
the pure thermal response since none is occurring. 
            In the dynamic validation, the panel was considered without thermal effects, i.e. 
with =0, and subjected to the pressure profile of Fig. 3.2 scaled by the function p(t) to 
simulate the time history of an acoustic excitation. Specifically, this function was modeled 
as a white noise process with a flat frequency spectrum in the band [0, 2000 Hz] and its 
magnitude was selected to lead to a peak response of the panel of approximately 2 
thicknesses. The dynamic response of the panel was computed using MSC/Nastran 
nonlinear dynamic solver (SOL400) and by the ROM using the Newmark method, 
respectively.                                                  
 
  
Figure 3.1 Finite Element Model of the Panel 
Figure 3.2 Pressure load profile across the panel 
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Figure 3.3 Static displacements of the panel subjected the pressure profile with various 
scaling factors = 0. (a) transverse displacement (Tz) at the center point, (b) transverse 
displacement (Tz) at the quarter point, (c) in-plane displacement (Tx) at the quarter point, 
and (d) in-plane displacement (Ty) at the quarter point. 
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Figure 3.4 Static displacements of the panel subjected to the pressure profile with various 
scaling factors, = 26.85 degrees Celsius. (a) transverse displacement (Tz) at the center 
point, (b) transverse displacement (Tz) at the quarter point, (c) in-plane displacement (Tx) 
at the quarter point, and (d) in-plane displacement (Ty) at the quarter point. 
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Figure 3.5 Power spectral density of the displacements of the panel. (a) Transverse 
displacement (Tz) at the center point, (b) transverse displacement (Tz) at the quarter 
point, (c) in-plane displacement (Tx) at the quarter point, and (d) in-plane displacement 
(Ty) at the quarter point. 
  20 
CHAPTER 4  
 
PIEZOELECTRIC NANO BEAM MODELING  
4.1 Description of the Model 
            The validation of the reduced order modeling of a structure with embedded 
piezoelectric layer was performed on the nano beam of [21], see Fig. 4.1 and Table 1 for 
geometry and properties. In regards to geometry, note that the width (direction 
perpendicular to the plane of Fig. 4.1) is slightly less for the built-up components (layers 
3-7) than it is for the bottom two layers. Each layer was assumed to be made of a linearly 
elastic material of Young’s modulus (E), Poisson’s ratio (), and density () provided in 
Table 1. Also given on this table is the piezoelectric property 𝑒31 of the PZT layer. Finally, 
the beam was assumed to be fully clamped on both sides. Damping in the system was 
assumed to be mass proportional, providing a damping ratio of 1% at the first natural 
frequency. 
 
 
Figure 4.1 Built-up nano beam model [21] 
 
 
 
6
4
0
 n
m
 
7.5 m 
10 m 
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Table 1.  Properties of the layers of the nano beam example (bottom to top) [21] 
Layer Material Width 
m 
Thick. 
nm 
E 
GPa 
 

kg/m3 
𝑒31 
C/m2 
1 Si 1 340 169 0.3 2500 - 
2 SiO2 1 10 70 0.17 2150 - 
3 Ti 0.9 10 110 0.32 4510 - 
4 Pt 0.9 80 145 0.35 21450 - 
5 PZT 0.9 110 96 0.45 7800 17.16 
6 Ti 0.9 10 145 0.32 4510 - 
7 Pt 0.9 80 96 0.35 21450 - 
 
 
 
 
 
 
 
  
A finite element model of the beam was created in Nastran with the beam discretized with 
40 (along length) x 4 (across width) standard plate elements (CQUAD4), see Fig. 4.2. To 
model the layup of the composite cross-section across the beam, PCOMP cards were used. 
The layup was set to an offset of -1.7 nano-meters from the reference plane of the structure, 
which is half the thickness of silicon layer in the layup. This offset was handled using the 
Z0 option available in PCOMP card entry. 
             The above finite element discretization was found to be appropriate for the 
response considered here. Specifically, beside the validation of the non-intrusive reduced 
row 5 
row 4 
row 3 
row 1 
1
 
m
 
0
.9
 
m
 
row 2 
junction 
Figure 4.2 Nano beam finite element model showing the 5 row of nodes. The 
discretization along the beam length is uniform (0.25m element length) 
  22 
order modeling approach to this structure, the focus of the present effort is to study, as in 
[21], the beam response in large displacements when excited harmonically by the PZT at 
frequencies around the first natural frequency (23.61MHz) to generate the corresponding 
backbone curve. This harmonic excitation study is in contrast with most of the non-
intrusive reduced order model validations to date which have focused on acoustic-related 
white noise excitations. 
4.2 Reduced Order Modeling and Validation to a Pressure Loading 
            The first step of the construction of the reduced order model is the selection of the 
basis. Given the excitation, it is expected that the first mode will be dominant in the 
response. This mode is a beam-like mode in that its displacements are nearly constant 
across the width of the nano beam. Such a response is expected of the nonlinear response 
as well and, accordingly, the first part of the basis should involve the first few beam-like 
modes. To have a perspective on the number of these modes and the ensuing selection of 
the dual modes, the simple case of a static uniform transverse pressure was considered and 
a small set of responses were generated using the NASTRAN nonlinear static solver (SOL 
106). 
          Shown in Fig. 4.3 are the deformations of the beam for various applied pressures. 
Note in Fig. 4.3(a) that the in-plane displacement at the junction remains very small for 
pressures below 12MPa and that its transverse counterpart, Fig. 4.3(b), is nearly linear vs. 
respect to pressure. These observations suggest that 12MPa is approximately the end of the 
linear response zone with transverse displacement at the junction of approximately 1/4 
thickness. A further analysis of Figs 4.3(a) and (b) suggests that there is a linear-fully 
nonlinear (cubic stiffness dominated) transition taking place in the range of 12-25MPa. 
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Shown in Fig. 4.3(c) and 8(d) are the in-plane and transverse displacements of the beam 
under the pressures of 12MPa and 108MPa. Note the reasonable similarity of the transverse 
displacements but the large change in their in-plane components. The prediction of 
transverse and in-plane displacements by ROM at the junction point are shown versus  
applied pressure on Fig. 4.4  
To address the adequacy of the linear beam-like modes, see Fig. 4.5, to represent the 
responses of Fig. 4.3, the representation error rep  is introduced as 
     
u
uu proj
rep

          (24) 
where u is a static displacement field computed by the finite element code and proju  is its 
Figure 4.3 Static beam response under uniform pressure. (a) In-plane, (b) transverse 
deflections at the junction as a function of the applied pressure. (c) Transverse and (d) in-
plane displacements along the beam for the pressures of 12MPa and 108MPa 
(a) (b) 
(c) (d) 
0 20 40 60 80 100 120
-0.01
0
0.01
0.02
0.03
0.04
0.05
Pressure,MPa
D
e
fo
rm
a
ti
o
n
 w
rt
 t
h
ic
k
n
e
s
s
 o
f 
s
ili
c
o
n
 l
a
y
e
r
 
 
NASTRAN
0 20 40 60 80 100 120
0
0.5
1
1.5
Pressure,MPa
D
e
fo
rm
a
ti
o
n
 w
rt
 t
h
ic
k
n
e
s
s
 o
f 
s
ili
c
o
n
 l
a
y
e
r
 
 
NASTRAN
0 2 4 6 8 10
0
0.5
1
1.5
2
Length of the beam in micro-meters
D
e
fo
rm
a
ti
o
n
 w
rt
 t
h
ic
k
n
e
s
s
 o
f 
s
ili
c
o
n
 l
a
y
e
r
 
 
Pressure=12MPa
Pressure=108MPa
0 2 4 6 8 10
-0.02
0
0.02
0.04
0.06
0.08
Length of the beam in micro-meters
D
e
fo
rm
a
ti
o
n
 w
rt
 t
h
ic
k
n
e
s
s
 o
f 
s
ili
c
o
n
 l
a
y
e
r
 
 
Pressure=12MPa
Pressure=108MPa
  24 
projection on the selected basis. Shown in Fig. 4.6 are the representation errors of the 
transverse and in-plane displacements of the beam as a function of the linear modes (first 
4 modes shown) for various applied pressures. Note the rapid decrease of the errors vs. the 
number of linear modes reaching about 0.5% in the transverse direction at the lowest 
pressure level (12MPa). The in-plane displacement is much less well captured with an error 
of 5%. In both cases, the error increases as the pressure is increased, i.e. as nonlinearity 
becomes more evident. This observation is clearly expected and motivates the introduction 
of the dual modes. Five such dual modes, see Fig. 4.7, were constructed by assuming modes 
1 and 2 to be dominant and 5 POD eigenvectors were retained  from the combinations 1-1, 
1-2, 1-3, 2-2, and 2-3 following the process described above. The addition of these dual 
clearly improves the representation of the response, both transverse and in-plane but 
especially the latter. With the 9 modes, the residual errors drop to 0.15% and 1.8% at the 
highest load case. The 9 mode reduced order model of Eq. (8) with V = 0 was identified as 
described in Eq. (16)-(23). 
The computation of the static solution to a series of uniform pressures for 
comparison with the Nastran results presented in Fig. 3.3 (a) and (b) was initially carried 
out by incrementing the load in a dynamic computation using a Newmark- scheme with 
a fixed point algorithm to solve the algebraic nonlinear equations. That process worked 
only until the pressure of 36 MPa, convergence failed above that pressure. This problem 
has been encountered before [14,16] and two options can be followed. The first one is to 
"clean" the model [14,16], i.e. zero out a series of coefficients believed to be poorly 
identified because of differences between the assumptions used in Nastran and those used 
in the reduced order model, i.e. the use of the constitutive equation in the undeformed 
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configuration, Eq. (3). The other option is to adopt an arc-length solver [28]. The responses 
predicted by the cleaned model and the original one with arc-length solver are shown in 
Fig 4.4. Surprisingly, it is found that the cleaned model performs better than the original 
one. This finding provides further support to the hypothesis formed in [16] that the 
coefficients to be cleaned are in fact detrimental to the prediction of the response according 
to the ROM.  In the present case, it appears that the difference between original and cleaned 
model results mostly from the coefficients 𝐾𝑡𝑡𝑡𝑑 and 𝐾𝑑𝑡𝑡𝑡, where "t" denotes a linear 
(mostly transverse) mode while "d" is a dual. A clear sign that they are not well identified 
is that they do not satisfy the expected symmetry conditions, see [29], and eventually that 
the tangent stiffness matrix of the ROM is not symmetric. Approximately 15% difference 
was observed for the original ROM between the dominant transverse-dual elements of this 
matrix and their symmetric counterparts at the highest loading condition with the "best" 
identified model (i.e. minimizing that difference). Comparing the cleaned ROM 
predictions to their Nastran counterparts, see Fig. 4.4 (a) and (b), a small error is seen in 
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Figure 4.4 Static beam response under uniform pressure (a) In-plane, (b) transverse 
deflections at the junction as a function of the applied pressure computed by Nastran and 
both original and cleaned ROM 
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the in-plane displacements but the corresponding transverse ones match very closely 
demonstrating the adequacy of the basis, i.e., transverse and dual modes, for this loading 
condition. 
 
Figure 4.5 Mode shapes of the first four linear modes. (a), (c) transverse, (b), (d) in-plane 
displacements. 
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Figure 4.6 Representation error, Eq. (24), of the (a) in-plane and (b) transverse 
displacements under various pressure as a function of the number of modes. 
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Figure 4.7 Deformation shapes of the five dual modes. (a), (c) transverse, (b), (d) in-plane 
displacements. 
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4.3 The Temperature Analogy 
            The very good correlation between the NASTRAN and ROM results obtained 
above for the pressure loading warrant the consideration of the piezoelectric/temperature 
loading. First in this process is to formalize the temperature analogy relating the the 
piezoelectric material properties to the fictitious thermal ones. In this effort, the layup of 
the structure was kept as in Figs 4.1 and 4.2 and Table 1. The difference in the model were 
that the PZT layer was given a nonzero coefficient of thermal expansion while all other 
layers were not and that a uniform temperature was applied. As per [25], the uniaxial stress 
induced in a layers were not and that a uniform temperature was applied. As per [25], the 
uniaxial stress induced in a piezoelectric layer due to an imposed electric field as follows: 
jjii Ee     (no sum on j)                                              (25) 
where i is the direction of the strain induced, j is the direction of the field jE  and  jie is the 
piezoelectric constant. For the thermal loading, the uniaxial stress induced by a constrained 
thermal expansion is  
 
 
 
 
                0TE ii                                                       (26) 
where i is the coefficient of thermal expansion in the direction i , 0T  is the fictitious 
applied temperature field on the structure, and E is the Young’s modulus of the layer. 
Comparing Eqs (25) and Eq. (26), one obtains: 
𝑉 = −𝐸𝑗ℎ𝑝  
Figure 4.8 Axial strain 1 induced due to transverse electric field 3E  , [21] 
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i
jji
E
Ee
T

0            (no sum on i or j)                              (27)                  
The electric field can be related to the voltage as (see Fig. 4.8)   
               
h
V
E j                                                                          (28) 
where V is the applied voltage, and his the height of the layer as shown in Fig. 4.8. 
Combining finally Eqs (27) and (28) leads to the final thermal analogy equation: 
                      V
hE
e
T
i
ji

0            (no sum on i)          or        
 
i
jipie
ii hE
e
E

        (29)                                                               
in the notations of Eq. (9). To exemplify Eq.(29), assume a voltage V of 5V and a coefficient 
of thermal expansion of K/1101
5 , it is found that the piezoelectric effect is 
equivalent to a rise of temperature of the layer by CT  5.8120 , a large temperature 
increase!  Note finally that the strain induced by the piezoelectric layer is along the axis of 
the beam and thus the coefficient of thermal expansion is nonzero in that direction while 
being zero in the two others. This anisotropy was implemented within NASTRAN through 
a MAT8 card. 
4.4 Reduced Order Modeling and Validation for a Static Applied Voltage 
            Having established the thermal analogy, it is now desired to use it to build a ROM 
for the nano beam. The first step of this effort focused on assessing the adequacy of the 9 -
mode basis of Section 4.2 which was found to be insufficient. Accordingly, the model had 
significant error with the linear modes for various piezoelectric/thermal loading conditions. 
From the in-plane representation error, it is seen that the 5th and 6th linear modes 
significantly reduce the error, e.g., from 10.19% with 4 linear modes to 5.79% with 6 of 
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them, in the highest load case. Hence, these were added to the basis, see Fig. 4.9 for their 
displacements The 5 previous duals were retained thereby forming a tentative basis of 11 
modes. 
 Since the piezoelectric layer induces a strain along the axis of the beam, 
significant in-plane deflections are expected. They are not expected to be well represented 
by the dual modes since those have been tuned to capture the in-plane induced nonlinearly 
by the transverse motions. Accordingly, it is expected that the basis must be further 
enriched as confirmed by the representation errors of Fig. 4.10.   This enrichment was 
created from the linear displacement field (computed from a NASTRAN solution SOL 
101) induced by a temperature rise of the piezoeletric layer. The displacement field was 
then made orthogonal to the first 6 linear modes and also the 5 duals. This process thus led 
to a final basis composed of 6 linear modes, 5 duals and 1 enrichment for which both 
transverse and in-plane representation errors are consistently well below 1%, i.e. 0.18% in 
the largest loading condition. 
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Figure 4.9 Deformation shapes of the 5th and 6th linear modes and 1 enrichment mode. 
(a), (c) transverse, (b), (d) in-plane displacements. 
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Figure 4.10 Representation error, Eq. (24), of the (a) Transverse and (b) in-plane 
displacements under various applied static voltage as a function of the number of modes.  
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         Having constructed the basis of the ROM and assessed its capability to represent 
finite element responses, it is next desired to investigate how well it predicts those 
responses. The issue of convergence of the response observed in connection with the 
pressure loading was not encountered here but the cleaned model was also considered since 
it gave an improved prediction of the response to pressure loading, see Fig. 4.4. Then, 
shown in Fig 4.11 are the responses predicted Nastran and by both models for a broad range 
of voltages. It is seen here that the original model predicts slightly better the Nastran results 
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Figure 4.11 Static beam response under static applied Voltage. (a) In-plane, (b) transverse 
deflections at the junction as a function of the applied Voltage. (c) Transverse and (d) in-
plane displacements along the beam for the applied voltage 50 V and 135 V. 
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than the cleaned one for the transverse direction displacements but not as well for the in-
plane displacements. In fact, the error for these displacements is significantly larger with 
the original model than the cleaned one. These results suggest again that the cleaned model 
performs better overall than the original one.  It should further be observed from Fig. 4.11 
that the in-plane displacement at the junction is very well predicted but its transverse 
component is less well captured by the ROM, especially at the highest loading levels. Note 
however that the transverse displacement is only weakly excited, through the asymmetry 
of the beam and its coupling with the in-plane motions, as opposed to the pressure loading 
scenario of Section 4.2 for which a very good match was obtained. It appears from these 
sets of results that the response (transverse or in-plane) in the direction of the excitation is 
well captured but the other one is not as closely predicted. 
4.5 Dynamic Validation  
 The dynamic validation was carried out in the conditions studied in [21], i.e. with 
a voltage varying harmonically with an amplitude of 5V and a frequency in the 
neighborhood of the first natural frequency, more specifically from 185.0    to 
13.1    where 1 is the first (linear) natural frequency of the nano beam, see. Table 2.  
 A dynamic validation requires the specification of the dissipation which was 
modeled here with a Rayleigh damping, i.e..: 
     KMC                                                     (30) 
where C  is the damping matrix, M  and K  are mass and linear stiffness matrices 
respectively, and,   and   are constants. To match the computations of [21], it was 
assumed that 0 and   is calculated to yield a 1% damping ratio at the first natural 
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frequency. That is, 112   where i  is the damping ratio (0.01) and i  is given in 
Table 2 so that 
6102.9278  .  
 The computation of the nano beam ROM response was carried out using the 
cleaned model by slowly varying the frequency of the excitation and allowing the system 
to reach steady state. Two such computations were carried out, the first one with increasing 
excitation (voltage) frequencies starting at the lower frequency limit of 185.0    and the 
other with decreasing frequencies from the upper limit of 13.1   . This process 
enables the capture of both stable branches of the backbone curve expected for this system.  
This curve is shown in Figure 4.12 in a dimensionless manner. The frequencies are 
normalized by 1 and the amplitudes (peak responses) at the junction by the height of the 
silicon layer in the layup. Note the existence of two solutions in the range of 107.1    
to  with significant amplitude jumps, from 0.89 to 0.11 thickness at 
. Also shown in Fig. 4.12 are some of the results presented in [21]. 
Comparing first the present ROM results with the finite element model of [21], an excellent 
match is observed demonstrating the appropriateness of the ROM formulation based on the 
thermal analogy. Note as well that the current ROM results are closer to the finite element 
ones than 6 linear mode – 16 in-plane modes of [21]. The improved accuracy with a 
reduced size basis is a direct consequence of using the dual modes which captures by 
construction the nonlinear interaction between transverse and in-plane displacements. 
 At lower amplitudes of the voltage, see Fig. 4.12, the nonlinearity seen in the 
backbone curve decreases to resemble the amplitude of response curve obtained from a 
linear analysis. Absent of Fig. 4.12 is a comparison with NASTRAN data using the thermal 
1125.1  
1125.1  
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analogy. At the time of writing, it had not been possible to induce the convergence of either 
of the two nonlinear dynamic solutions available in NASTRAN, i.e. SOL 400 and SOL 
129 for this problem. 
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Figure 4.12 Peak steady state response of the nano beam to a harmonic voltage of 
frequency in the neighborhood of the first natural frequency. ROM predictions for 
different voltages and published results of [21] (curve “French LAAS LAB”). 
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Figure 4.13 Peak steady state response of the nano beam to a harmonic voltage of 
frequency in the neighborhood of half the first natural frequency and amplitude of 5V. 
 
 The ROM governing equations for harmonic voltage/temperature are akin to the 
Mathieu's equation [30] and thus may exhibit peaks at other frequencies as recognized 
already by [21,31]. The behavior for frequencies close to twice the first natural frequency 
has been investigated by [21]. To complement this analysis, the presence of a peak at half 
the natural frequency, which was found to be dominant in [31], was investigated here. 
Shown in Fig. 4.13 is the amplitude of response vs. frequency corresponding to the 5V 
excitation. While the peak is observed, it is of much lower response than the one at the 
0.46 0.48 0.5 0.52 0.54 0.56
0.015
0.02
0.025
0.03
0.035
0.04
0.045
0.05
0.055
0.06
A
m
p
lit
u
d
e
 w
rt
 t
h
ic
k
n
e
s
s
 o
f 
s
ili
c
o
n
 la
y
e
r 
a
t 
0
.7
5
L
Frequency Ratio
  39 
main resonance, i.e. excitation frequency equals natural frequency, to the contrary of the 
findings of [31]. 
 
 
 
Table 2.  Natural frequencies of first 6 beam like modes  
 
Mode Frequency in MHz 
1 23.61 MHz 
2 67.79 MHz 
3 142.7 MHz 
4 205.7 MHz 
5 248.6 MHz 
6 366.3 MHz 
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CHAPTER 5 
DISCUSSIONS AND CONCLUSION  
This thesis focused on the reduced order modeling of the nonlinear geometric 
response of two structures that involve thermal loading. The first application, to the AFRL 
RC-19 panel also included a non-uniform aerodynamic loading over a broad frequency 
band leading to a large ROM including 58 modes. This panel served not only as a validation 
case here but was used as the structural model in a full coupled aerodynamics-structural-
thermal analysis. 
The second application was in fact not meant as a ROM with thermal loading. It 
was desired to formulate the reduced order modeling approach for structures with 
embedded piezoelectric layers. However, NASTRAN, used here as the commercial finite 
element software, does not have piezoelectric modeling capabilities. Accordingly, the 
present effort relied on the temperature analogy which replaces the piezoelectric effects by 
an equivalent temperature rise. This analogy allowed the construction of the ROM using 
NASTRAN which does not include a piezoelectric modeling capability in either linear or 
nonlinear. Static validations of the model showed that the response, transverse or in-plane, 
in the direction of the loading is very well predicted but the other one exhibits lower 
accuracy, especially for very large excitations, i.e., pressure or applied voltage.  This 
finding, especially combined with the observed higher accuracy of the “cleaned” reduced 
order model strongly suggests that the transverse/in-plane coupling is not as well 
represented as found in prior applications. The clarification and remediation of this 
behavior will be important for further applications of this type. 
  41 
The dynamic validation using harmonic voltage variations in the neighborhood of 
the first linear modes matched very closely those reported in an earlier investigation 
justifying the adequacy of the model. 
In conclusions, this thesis has demonstrated the applicability of the nonintrusive 
nonlinear reduced order modeling method to a new class of structural models, structures 
with embedded piezoelectric actuators, to new structural features, such as the sharp 
discontinuity of thickness of the nano beam, and excitation scenarios seldom considered in 
the past, i.e. harmonic loading and response.   
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